The mass of the nucleon is studied in a chiral quark-diquark model. Both scalar and axial-vector diquarks are taken into account for the construction of the nucleon state. After the hadronization procedure to obtain an effective meson-baryon Lagrangian, the quark-diquark self-energy is calculated for the baryon kinetic term as well as for the mass of the nucleon. It turns out that the scalar and axial-vector parts of the self-energy are attractive and repulsive respectively for the mass of the nucleon. We investigate the range of parameters that can reproduce the mass of the nucleon. Furthermore, we try the on-shell approximation in which loop integrals containing axial-vector diquarks are simplified. The on-shell approximation is valid for large values of the nucleon mass.
Introduction
An effective Lagrangian approach is a useful method for the description of hadron properties at low energies. Such a Lagrangian contains various terms and parameters expressing not only structures of mesons and baryons but also their interactions. A microscopic description for such terms is desired, especially when we consider, for instance, character changes of hadrons at finite temperatures and densities, which is one of the interesting topics of current hadron physics.
Eventually, QCD should address this issue, but the present situation is not very satisfactory. If we start, however, from an intermediate QCD oriented theory, we can make a reasonably good achievement. One of such approach is the Nambu-Jona-Lasinio model [1, 2] for mesons, and the quark diquark model for mesons and baryons [3, 4] . The models have been tested to a great extent for the description of various meson and baryon properties. It was then shown that the hadronization method based on the path-integral formalism is useful, since it can incorporate hadron structure in terms of quarks and diquarks while respecting important symmetries such as the gauge and chiral symmetries. This idea was first investigated by Ebert and Jurke in a simplified framework [3] , which was later more elaborated by Abu-Raddad et al [4] . Recently, the method was applied also to the nuclear force by Nagata and Hosaka [5] . Nonetheless, these previous studies were done only with scalar diquark, though the construction of the baryon requires two types of diquarks: scalar and axial-vector ones. The inclusion of the axial-vector diquarks is crucially important for the description of spin-isospin quantities such as the axial coupling constant and isovector magnetic moment of the nucleon, and also the nuclear force.
In this paper, we extend our previous study and calculate the nucleon mass with the inclusion of the axial vector diquark. This is a necessary step to complete the program of the hadronization method.
The paper is organized as follows. In section 1, we construct the microscopic (quark-diquark) Lagrangian and derive the macroscopic (meson-baryon) Lagrangian through the hadronization of the microscopic Lagrangian. In section 2, we study the quark-diquark self-energy and calculate the mass of the nucleon. In section 3, we investigate the on-shell approximation while in section 4 we present numerical results. The final section is devoted to summary and conclusions.
Lagrangian
We briefly review the method to derive the effective meson-baryon Lagrangian following the work of Abu-Raddad et al [4] . Let us start from the SU(2) L ×SU(2) R NJL Lagrangian
where q is the current quark field, τ are the flavor Pauli matrices, G is the NJL coupling constant with dimension of (mass) −2 and m 0 is the current quark mass. The NJL Lagrangian is bosonized by introducing collective meson fields as auxiliary fields in the path-integral method. As an intermediate step, we find the following Lagrangian:
Here σ and π are scalar-isoscalar sigma and pseudoscalar-isovector pion fields as generated from σ ∼qq and π ∼ iq τ γ 5 q, respectively. For our purpose, it is convenient to work in the non-linear basis rather than the linear one [3, 6, 7] . This is achieved by chiral rotation from the current (q) to constituent (χ) quark fields:
where f 2 = σ 2 + π 2 . Thus we find
where 5) are the vector and axial-vector currents written in terms of the chiral field
The Lagrangian (2.4) describes not only the kinetic term of the quark, but also quark-meson interactions such as the Yukawa and the Weinberg-Tomozawa types among others.
In the model we consider here, we introduce diquarks and their interactions with quarks. We assume local interactions between quark-diquark pairs to generate the nucleon fields. As suggested by the method to construct local nucleon fields, it is sufficient to consider two diquarks; one is a Lorentz scalar, isoscalar color3 one, described by the field D, and the other is an axial-vector, isovector color3 one, D µ following Ref. [8] . Hence, our microscopic Lagrangian for quarks, diquarks and mesons is given by
In the last termG is a coupling constant for the quark-diquark interaction and an angle θ controls the mixing ratio of the scalar and axial-vector diquarks in the nucleon wave function. The quarkdiquark interaction terms of local type are also derived in the static approximation of the quarkexchange diagram in the NJL model [9, 10] . Now the hadronization procedure is straightforward by the introduction of baryon fields as the auxiliary field B ∼ sin θ D ν · τ γ ν γ 5 χ + cos θDχ and the elimination of the quark and diquark fields in (2.7). The final result is written in a compact form as [4] 
Here traces are taken over space-time, color, flavor, and Lorentz indices, and the operator is defined by
where
The S, ∆ and∆ are scalar and axial-vector diquark propagators. The tr log can be expanded as
The first term on the right hand side describes one particle properties of the nucleon, as it contains the nucleon bilinear formBΓB, while higher order terms contain two, three and more nucleon interaction terms. Finally, we comment on the properties of the nucleon field. Since we take the non-linear representation, the transformation properties of baryons under chiral SU (2) L × SU (2) R are simple. Baryons transform in the same way as quarks do
where h(x) is the non-linear function of the chiral transformations and of the chiral field at a point x [7] . Here we note that the baryon field B(x), in terms of quarks and diquarks, is related to the nucleon wave-function in the constituent quark model by way of
in the non-relativistic limit, where φ ρ , φ λ and χ ρ , χ λ are the standard 3-quark spin and iso-spin wave-functions [7] . If we take tan θ = 1/3, we realize the SU (4) spin-flavor symmetry of the constituent quark model.
3
The quark-diquark self-energy The quark-diquark self energy corresponding to Fig. 1 is given by,
Using the interaction terms in Eqs. (2.10), we obtain
where Σ S (p) and Σ A (p) contain the scalar and axial-vector diquark propagator in the quark-diquark self-energy, and are given by
Here N c is the number of colors. Since Eqs. (3.3) are divergent, a regularization scheme is necessary. We employ the Pauli-Villars regularization method in order to maintain important symmetries such as the gauge and chiral symmetries. Since the scalar Σ S and axial-vector Σ A terms have logarithmic and quadratic divergences, respectively, we must introduce one Pauli-Villars term for the scalar part and two Pauli-Villars terms for the axial-vector part. Then, the scalar and axial-vector parts are regularized as
where Λ S is the cut-off parameter for the scalar diquark loops, Λ A1,2 are the cut-off parameters for the axial-vector diquark loops and c i are the coefficients as determined by the regularization conditions
Solving Eqs. (3.5), the coefficients c i are written as
The Feynman integrals for the quark-diquark loops can be performed analytically, and we find
(3.8)
for the scalar part and
for the axial-vector part, where
Now physical nucleon fields are defined such that the self-energy becomes the nucleon propagator on the nucleon mass shell. This condition is implemented by expanding the self-energy around
where B phys = √ Z −1 B is the properly normalized physical nucleon field. The parameters Z and M N are the wave-function renormalization constant and the mass of the nucleon. By decomposing
the parameters Z, M N andG are self-consistently determined by the following conditions
where the prime Σ ′ represents ∂Σ/∂p 2 . Therefore, we obtain the mass of the physical nucleon by solving Eqs. (3.13) and (3.14).
On-shell approximation
In general, loop integrals containing axial-vector diquark propagators are complicated due to the k µ k ν /M 2 A term in the axial-vector diquark propagator. In this section, we construct one approach of simplification for the axial-vector loops by using an (approximate) equation of motion. Such a method will be useful when computing more complicated diagrams for such as various transition amplitudes and the nuclear force. Our purpose here is to propose one of such and test it for the mass of the nucleon where the comparison with the exact calculation is easily done.
The starting point is to write the quark, axial-vector diquark and nucleon vertex L qAN as
where J µi =Bτ i γ µ γ 5 χ is a transition axial-vector current between a quark and a nucleon. The relevant term of complications is the one in which the axial-vector diquark D µ is replaced by the momentum k µ . Such a term is regarded as a divergence of the current J µ :
If quarks and nucleons are on mass-shell, we can use the Dirac equation. In fact, the external nucleon is on mass-shell, while the internal quark is not. If we use an approximate equation of motion for the quarks, we obtain i/ ∂χ = m q χ,
where m q is the average value of momentum carried by the propagating quark. Hence, Eq. (4.2) is written as
This is the on-shell approximation. Substituting Eq. (4.4) into Eq. (3.3b), we obtaiñ
terms). (4.5)
Considering that in the on-shell approximation the divergences become logarithmic rather than quadratic, we can change the regularization scheme. Nonetheless, we maintain the same regularization scheme as in the exact calculation. If we were to change our regularization scheme and introduce only one Pauli-Villars term, the axial-parts of the self-energy become extremely large and we can no longer obtain reasonable results. As our model is not renormalizable, it should be considered together with the regularization scheme.
Results
Now, we proceed to numerical calculations. To start with, we should explain our parameters which are listed in Table 1 . We use the values in Ref. [4] for quark mass m q , scalar diquark mass M S and the cut-off mass Λ S for the quark scalar diquark loop. The Λ S has been taken to be the same as the cut-off mass in the meson sector. Then m q , Λ S and G are determined self-consistently in the NJL model by solving the gap equation and to reproduce the pion decay constant f π = 93 MeV [11, 12, 2] . The masses of the scalar and axial-vector diquarks may be determined in the NJL model by solving the Bethe-Salpeter equation in the corresponding diquark channels [13, 14] . Results are, however, largely dependent on the treatments. Here, instead, we choose them such that they form a bound state of the nucleon together with another quark. For the scalar diquark, our choice was to form the nucleon with a binding energy of about 50 MeV. This also gave a reasonable quark-diquark distribution which was consistent with the size of the nucleon. For the axial vector diquark, we consider delta which is a bound state of purely an axial-vector diquark and a constituent quark with a similar strength of the binding energy ∼ 50 MeV. In this way we have chosen M A = 900 MeV.
For the quark axial-vector diquark loop, we introduce two cut-off parameters, Λ A1 and Λ A2 , that we include also in Table 1 . These parameters are determined by the following criteria. First they are chosen to be larger than the mass of the axial diquark in the four dimensional regularization scheme. Second it can not be too large, since the quark axial-diquark loop is repulsive which increases as the cut-off parameters are increased and resolves the quark-diquark bound state. In a model without confinement the isolation of a quark and diquark can not be avoided unless the attractive force is sufficiently strong. The value that the repulsion does not overcome the attraction due to the quark scalar diquark loop is about Λ A < ∼ 1.1 GeV. We have tried several possibilities and find an optimal set as shown in Table 1 . Thereupon, we have two free parameters: the quark-diquark coupling constantG and the mixing angle of scalar and axial-vector diquarks θ.
In this paper, we find reasonable values ofG and θ to generate the mass of the nucleon M N . In principle, it should be possible since it is attempted to reproduce the only one quantity M N by the two parameters. The question is, therefore, if they exist within a reasonable range. Since we know that only the scalar diquark can reproduce the mass of the nucleon [4] , we would like to confirm whether the introduction of the axial diquark leads to reasonable results within acceptable change in the parameters.
We show in Fig. 2 a contour plot of the mass of the nucleon as function ofG and θ in order to see the relation betweenG and θ to obtain the nucleon mass M N = 0.6 ∼ 1 GeV. ¿From the figure, we observe the following facts. (1) As the mixing angle increases with a fixed value ofG, the mass of the nucleon increases. (2) As theG increases, the mass of the nucleon decreases up to the mixing angle ∼ 60 degrees.
In order to understand these behavior, it is convenient to write Eq. (3.14) as
It is found that the contribution of the scalar part for the mass of the nucleon, the term of −Σ 2 S (M N ), is attractive (negative), while that of the axial-vector part of −Σ 2 A (M N ) is repulsive (positive). We note that we choose the cut-off parameters for the axial-vector parts in such a manner that the attraction from the scalar parts is sufficiently large as compared to the repulsion from the axialvector ones. If we use larger values for Λ A1,2 , the repulsion from the axial-vector parts surpasses the attraction from scalar ones. As θ increases, the weight of the axial-vector diquark increases and the sum of the scalar and axial-vector loops (5.1) becomes less attractive. Therefore, in order to obtain the sufficient amount of attraction with less attractive loop contributions, the coupling constantG should become larger. For mixing angles θ not too large, the resulting couplingG is not necessarily too large, while as the attraction decreases,G increases rapidly. Eventually, as θ becomes larger than a certain critical value, the net contribution of (5.1) becomes repulsive and therefore, it is not possible to find a value ofG to reproduce the mass of the nucleon less than the sum of the quark and diquark masses. Once again, in a model without confinement, such a situation should no longer be accepted. One approach to incorporate with the confinement has been studied in Refs. [15, 16, 17] .
In the present approach, we have addressed that the inclusion of the quark axial-vector diquark loop brings repulsive contribution. This seems to be in contrast with the work of Ishii et al [10] . In fact, the two approaches do not contradict to each other, since they are simply different. In the approach of Ishii et al, the quark-diquark correlation was introduced in a schematic form as
which was regarded as a problem analogous to a two channel problem. Contrary, the present approach assumes only one channel to start with as the Lagrangian (2.7) implies. Finally, we show results for the on-shell approximation in Fig. 2 and Fig. 3 . We find that the on-shell approximation is valid for large M N , and increases M N , as some part of attraction is missed. This fact is seen explicitly in Fig. 3 , and also in Fig. 2 where the M N surface for the on-shell approximation is placed above the exact one. We also find that our results are not sensitive to the values of m q , and we can use m q =0.39. Therefore, the on-shell approximation can be invoked without introducing another parameter m q . 
Summary
In this paper, we have studied the mass of the nucleon in terms of a microscopic model for hadrons. This was done by constructing a chiral quark-diquark model, and hadronizing it to obtain an effective meson-baryon Lagrangian. The present work was rather technical but was an important step to achieve wider applications to a more quantitative level. For this, our main motivation has been to see whether the model of the axial-vector diquark is capable to describe nucleon properties. In this paper, we investigated the mass of the nucleon and found that it is indeed possible to reproduce it when the axial-vector diquark is included by choosing the mixing angle θ and the coupling constantG suitably. The quark-diquark self-energy has been calculated within the framework of the Pauli-Villars regularization method. The mass of the nucleon was then derived through the renormalization conditions. It was then possible to find values of the quark-diquark coupling constantG and the mixing angle θ to generate the appropriate mass of the nucleon. The axial-vector part is found to be repulsive thus increasing the mass of the nucleon. Furthermore, we explored the onshell approximation and verified its validity for large M N . The virtue of the on-shell lies in the computation of further complex matrix element such as the magnetic moment and the nuclear force.
The present result is encouraging in order to further apply the quark-diquark model of hadronization to various hadronic phenomena such as the electromagnetic properties of the nucleon and the nuclear force. In particular, the previous study implied that the inclusion of the axial-vector diquark was essential to obtain nucleon magnetic moments and the repulsive component of the nuclear force [4, 5] . In the study of spin 3/2 decuplet baryons such as delta, the axial vector diquark is an essential element. Extention to full SU(3) baryons with emphasis on these aspects will be an interesting work in the future.
